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In this paper we develop systematically the theory of jets and cavities for 
compressible fluids. The classical theory of jets and cavities (see [ 11, 17, 191 
and the references given there) deals primarily with incompressible two- 
dimensional flows. Recently the authors have developed a variational 
approach for solving more general problems, such as axially symmetric jets 
and cavities [2, 121 (see also [ 13]), asymmetric 2-dimensional jets with 
general nozzle [3], and jets with gravity [4]; jet flows with two fluids have 
been studied in [5-71. These methods extend to rotational flows [ 141 and to 
flows in channel with oscillatory boundary [ 151. 
The basic tools used in this variational approach were introduced by Alt 
and Caffarelli [ 11. These include results on nondegeneracy, Lipschitz 
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continuity, and regularity of the free boundary. In a recent paper [8] we have 
extended this work to quasilinear elliptic equations; this work will serve as 
the basis for the developments of the present paper. 
The literature on compressible flows of jets and cavities consists mainly of 
some comparison theorems [ 16,211 and rather fragmentary description of 
some phenomena [ 11,191. The only existence theorem we are aware of is 
that due to Berg [lo], who considered symmetric cavitational plane flows, 
using an extension of the classical method of Leray which reduces the 
problem, by means of the hodograph mapping, to a nonlinear integral 
equation. The existence theorem in [lo] essentially coincides with our 
Theorem 10.1 (i) when the latter is specialized to two-dimensional flows. 
In this work we establish existence and uniqueness for axially symmetric 
jets and existence for axially symmetric cavities of compressible fluids; we 
also establish existence for two-dimensional asymmetric jet flows. (Two- 
dimensional symmetric flows are obtained essentially as a special case of the 
axially symmetric problem.) 
Our results on cavities when specialized to incompressible fluids provide 
an extension of previous work [ 121 on infinite cavities to the case where the 
obstacle is not a monotone curve; further, the present proofs are simpler. 
PART I. GENERAL EQUATIONS 
1. The Equations of Compressible Fluid 
We denote the velocity vector of the fluid by U and its density by p. We 
assume that the flow is inviscid, compressible, stationary, and irrotational. 
Then 
vxu=o (irrotational), (l-1) 
V*@U)=O (conservation of mass), (14 
where U and p are functions of (xi, x2, x3), 
The assumption that flow is inviscid means that it satisfies the Euler 
equations 
where Vi are the components of U and p is the pressure. Since the flow is 
irrotational, this can be written as the familiar Bernoulli law 
+q2++vp=o (conservation of momentum) 
where q = (CUf)“’ is the speed of the fluid. 
w  
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Finally, one is given the equation of state 
P = P@)* (1.4) 
For definiteness we assume that the flow is adiabatic and isentropic, which 
means that 
P = APT (1.5) 
where A, y are positive constants and y > 1 (in gases 1 < y < 2). However, 
all our results extend to the more general law (1.4). 
We now specialize to axially symmetric flows, taking the axis of 
symmetry to be the x-axis, and denoting the distance of a point from the 
x-axis by y; i.e., X= (x, y). Then 
U=u,e,+u,e, (e, = (LO>, ey = (0, 1)) (1.6) 
and (l.l), (1.2) become 
From (1.7) it follows that 
WJ ati 
Ul =p42=ay (4 = velocity potential) 
and from (1.8) it follows that 
aw 
-YPUz = ax’ 
alcl 
YPul=ay (w = stream function). 
Consequently 
and (1.7), (1.8) transform into 
(1.9) 
(1.10) 
(1.11) 
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Next we write the Bernoulli law in integrated form, using the adiabatic law 
(1.5): 
Note that 
(A, positive constant). (1.12) 
(1.13) 
If we express p as a function of q: 
(1.14) 
then $4 becomes a quasi-linear differential operator in 4; in space coor- 
dinates it can be written in the form 
$4 = vm~l’) vo 
= ig, ~P’~lv~12~~ij+2~~lv~12~Di~Dj~lDij~~ 
Hence L? is elliptic if and only if 
p(t) + 2tp”(t) > 0 for t=q2, 
i.e., if and only if q < qcr, where 
(1.15) 
(1.16) 
qo= [2A”+g2. 
Since p > 0 we also have q < qmax where 
4 max = [U,] “2* 
In terms of the Mach number 
(1.17) 
.L?# is elliptic if and only if M < 1. The flow is called subsonic if q < qcr (or 
M < 1) and supersonic if q > qcr (or A4 > 1). We define the corresponding 
critical density 
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that is, 
the flow is subsonic if and only if p > per. 
We now turn to (1.10) and express p in terms of 
(1.14): 
2p2 A,-- 
( 
AY 
y-lP 
Y-l 
) 
- IV; 12. 
Y 
(1.18) 
Ivy/l/Y, using (1.13), 
(1.19) 
Set 
PrnaxZ [&- l)]l’(y-lJ 
(note that pmsx > p,,). Since the right-hand side of (1.19) is nonnegative, we 
have P 4 pmax, with equality if 1 Vvj = 0, y > 0. Equation (1.19) defines a 
branch p((V11/12/y2), where t -+p(t) is monotone decreasing with p’(t) < 0, as 
long as 
that is, as long as per < p < prnax. Define a function g(f) (using this branch) 
g IW2 
( 1 
1 
z = Pvw2/Y2) ’ Y 
(1.21) 
and set 
Note that per < p(r) < prnax if and only if 
and 
L?‘(t) > 0 if O<t<p,,q,,. 
For later references we rewrite (1.10) in the form 
(1.23) 
+v(g(y)F)=o (I’=($$)). (1.24) 
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2. Subsonic Truncation 
In the sequel we shall need to truncate L? and Y so that they remain 
elliptic for the entire ranges of IV4 ( and 1 V~[/JJ, respectively. We shall now 
construct such a truncation. 
Set s = q*, s0 = qf,. For any small E > 0, define 
p(s) as defined by (1.14) if s <s,-e, 
p’,(s) = Cl(&) 
(2.1) 
CO(E) + - 
6 
if s > s0 -E. 
Recall that 
p”(s) + 2@(s) = 0 at s=s,. 
Also, since Py- i(s) is linear in s, (jy-*p’l)’ = 0, or 
Thus, setting p0 = po, p; = P(s,) and pZ = /I”(%), we have 
PO 
PA=-2s,’ 
2-Y PO 
Pi=T$* 
We impose the condition that 
P’E cl,‘, 
that is, 
p’s0 - E) = Co(E) f Cl@) (so - &)“2 ’ 
8’(So-&)=- Cl(E) 
2(so - &)3’2 * 
Since 
~(so-E)=p,-&p~+O(E2)=po I+& +O(E*), 
( 1 0 
P-2) 
(2.3) 
(2.4) 
(2.5) 
p"(s, - E) = p; - &p; + O(2), 
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(2.5) reduces to 
p. + $ E = 
C,(E) 
CO(E) + 1/2 
CSE) 
SO 
+ j-p E + W)~ 
0 0 
PO Cl(E) 
-2s,-EPi=-2sy 
3 C*(E) 
--q-p+ + O(E2). 
0 
(2.6) 
(2.7) 
Thus 
c,(O)= sy2p,, 
c,(O) = 0. 
The ellipticity condition for GC is 
PC(S) + 2$;(s) > 0. 
(2.8) 
(2.9) 
(2.10) 
For s > so - E this condition becomes 
Co(E) > 0. (2.11) 
Since c,(O) = 0, in order to verify (2.11) we must show that c;(O) > 0 and 
then choose E small enough. 
We can write 
From (2.7) we get 
Cj(E) = C{(O) + &C;(O) + O(E*)* 
c;(o) 3 c,(O) -p:‘~-~--- 
4 $I2 ’ 
so that, using (2.8), 
Next, from (2.6) 
c;(o) = 24’2 [Pb+t]. (2.12) 
c:w c,(O) +(o)+,+-, 
0 so 2s312 0 
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or, by using (2.8), (2.12), 
Now, as observed 
c;(O) > 0, i.e., if 
89 
(2.13) 
above, the ellipticity condition (2.11) is satisfied if 
3 PO 
PP<;?-z 
or, by (2.3), if 
2-Y PO 3 PO -- 
4 s; <43' 
which is obviously true since y > 0. 
Consider next the function g8(t) obtained by using the truncation (2.1) 
while maintaining the relations (1.9) between 4 and w, so that 
s+7412= IVd2 t p’u’=jF if t=!.!!$.te 
Y 
From the relation 
C*(E) p =/j,(s)= Co(&) + - 
6 
we get 
fi = co@> fi + Cl(&) s, 
which gives since C,(E) is positive 
fi=-$)+ [-$+-$J. 
1 1 1 
(2.14) 
Let t, be such that for t = t, the right hand side of (2.14) becomes 
(so - e)“2. Then, by (2-l), (2.14), the function gJt>, defined as l/p’&), is 
given by: 
g(t) if t < tg, 
g,(t) = 
i 
-1 
co@) + 
C*(E) 
co@) -- 
2ch) + ( 
CXd t l/2 
-) 1 
if t > tc. (2.15) 
4C:(E) + Cl(&) 
Clearly g:(t) > 0. 
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We now summarize: 
LEMMA 2.1. For any small enough E > 0, the operator 
e9 = w8w12) V4) 
is elliptic and the operator 
%w=V (&( lpi’) y) 
is elliptic with g;(t) > 0; the functions pB(s), gXt> are defined by (2.1) and 
(2.15), and 
and 
Fe(s), gdt) belong to Cl-l, 
lw = P’(s) if s < sO - E, 
gXt) = g(t) if t < ts, where t, = t,, - EEe, 
VY ’ 
L = - (I I) 3 Y 
c* <E,< c*, 
ET 
where c*, C* are positive constants independent of E. 
Note that 
C/E 
0 < g:(t) G (1 + q3/2 . (2.16) 
PART II. JETS 
3. The Main Results for Axially Symmetric Jets 
We introduce a nozzle N, which is a curve 
x=&(Y) defined for b<y<b, 
with b, < 00. We always assume that 
g,(b) =0, go(Y) -+ -a ify-t b,, 
N is in Cl+=, and uniformly so near infinity. 
(3.1) 
For some of the results we shall require that N is “concave to the fluid,” 
that is, 
g,(y) is a concave function. (3.2) 
COMPRESSIBLE FLOWS OF JETS AND CAVITIES 91 
Set 
I()= {(x,0);-a3 <x< co}, 
1; = {x, b); 0 < x < a}, 
and denote by 0 the domain bounded by N, I,, Il. 
Let 1, be the Bernoulli constant in (1.12) and let 1 be any positive 
parameter. Set 
F(l) = I,; g(r) & (3.3) 
Q(s) = 2sF’(s) -F(s). (3.4) 
Define g(s*) = g(@,,q,,)*) is s > Pcrqcr. Then we have 
Q’(s) = g(s) + 2sg’(s) > 0 for all s > 0. 
Denote by @-I the inverse function of @, and set 
We shall always assume that 
(3.5) 
(3.6) 
We seek a triple (w, r, Q), Q a positive number, satisfying the following 
conditions: 
I’ is a smooth (say Cl+‘) curve having the form 
x=k(y)forh,<y<bwithk(b-O)=O,k(y)+co 
ify-rh,; the set G = {v/ < Q} is the domain 
(3.7) 
bounded by N, r, and I, ; LPI/l=0 in G, 
O<v<Q in G, 
ly=o on I,, 
i 
V=Q on NUT, 
1 aw --= 
Y av 
A on r (v = outward normal); 
(3.8) 
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N U r is C’ in a neighborhood of (0, b), 
Vyl is in Co in a G-neighborhood of (0, b); 
for some sufficiently large x0, rn {x > x0} 
has the form y =f(x), so that f(x) -+ h, if 
x--, co;further,f’(x)-+O if x--1 co; 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
Note that 
v&v Y> dv =j"""' YP#,(x,Y) dy 
I 
k-‘(x) 
= pu, ydy = (flux of the jet)/2n, 
0 
where ur is the component of the velocity in the x-direction. 
DEFINITION 3.1. A triple (w, r, Q) satisfying (3.7~(3.12) is called a 
solution of the axially symmetric jet problem. 
The conditions in (3.9) are called the smooth fit conditions, and (3.12) 
means that the flow is subsonic. We shall later establish the existence of a 
solution provided li is small enough; if (3.2) holds then it suffices to require 
that n satisfies (3.6) and, in that case, we also show that 
in G. 
Note that (3.11) is merely a consistency condition if the flow becomes 
uniform as x + co. 
THEOREM 3.1. (i) If A is su@kiently small (depending on N) then there 
exists a solution of the axially symmetric jet problem and the free boundary r 
is analytic; (ii) ifN satisfies (3.2) then whenever A satisfies (3.6) there exists 
a solution of the jet problem satisfying (3.13), and its free boundary r is 
analytic and convex to the fluid. 
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The last property means that k is a convex function. 
For uniqueness we need to assume, in addition to (3.1), that 
g, E C2[b, b + a’] for some E’ > 0; g#)# co; there exists a 
,u,, > 0 such that, for any u* < -,u~, N is star shaped with respect 
to (a*, 0) (hence N n {x < -pO} has the form y = h(x)); either (i) 
h(-co) = limx+-m h(x) is finite or (ii) h(-oo) = co and h/(-co) 
exists; if in case (ii) &(-co) = 0 then h(-2x) < Ch(-x) and 
h(x)>clxl Q+“~ for some c > 0, s0 > 0, C > 0; in case (ii) it is 
also assumed that h is uniformly in C2+a for some a > 0. (3.14) 
THEOREM 3.2. If (3.14) holds then there exists at most one solution of 
the axially symmetric jet problem satisfying (3.13). 
These theorems will be proven in Sections 4-8. We shall now explain the 
seemingly strange way in which /i depends on 1. This involves the 
variational principle associated with the jet problem. Before starting with the 
variational approach, let us mention that we shall mostly work with the trun- 
cated elliptic operators introduced in Section 2 (so as to maintain ellipticity). 
Only toward the end of the proof of Theorem 3.1 we shall establish that the 
flow satisfies (3.12) or (3.13). Accordingly, we introduce 
Note that 
where cO, Co are positive constants; the last inequality follows from (2.16). 
Thus all the assumptions made in [8] hold. This enables us to apply the 
theory developed in [8] for the following minimization problem: 
Find u E K, $; J(u) = J(u), (3.15) 
where 
J(u)=In [K(q) +J’I,,<,,] ydxdy; (3.16) 
here J2 is a bounded domain in R2 f? {y > 0) and K consists of all the 
functions in H112(R) satisfying LI = u. on ZJD, where u. < Q. 
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As proved in [8], any minimizer u is in C”,‘(fi) and the free boundary 
a{u < Q} n R is analytic. Note that in [8] we have actually dealt with 
JW=/ 
R 
[K(Iv42)+~2~,,,p,l dXdY* 
However, all the results extend to the functional (3.16) with minor changes 
in the proofs. 
We also recall that a minimizer u of (3.15) satisfies: 
%uzV (g.(y) :) =0 in On{u< Q}, (3.17) 
@ E on a{u < Q}fV2, (3.18) 
where @&) is defined by 
@&) = 2@;(s) - Fe(s). 
As in the nontruncated case, 
@L(s) = g,(s) + 2q$(s) > 0. 
Therefore (3.18) can be written in the form 
(3.19) 
where @; i is the inverse function of QE. 
Note that the assumption (3.6) means that the speed of the jet on the free 
boundary is subsonic. 
In the next section we define a truncated variational problem with several 
parameters and study its solution. Later on we shall vary the parameters in a 
suitable way in order to obtain in a limiting case a solution of the jet 
problem. 
4. TRUNCATED VARIATIONAL PROBLEMS 
In Sections 4-6 we only assume that IV satisfies (3.1). 
Let J2 be the domain bounded by N, I,, 1; (as in the beginning of 
Section 3) and let P, R be any two large positive numbers. Set 
E={(x,y);-oo <x< co,O<y<b), 
a ,,,R=Qn{-p<x<R}, 
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Here Q is any positive number. We consider LB and ;Z as fixed parameters 
and shall construct a solution to the jet problem with a suitable choice of Q. 
Define bl by 
a@:) = -P 
and choose a point (-p, b,) with b, < b:, b: - b, small, b, > b. 
Define a function U, on X2,,R by 
uo(-A Y) = 0 if O<y<b,, 
Y2 - (b:Y 
uo(-w) = b2 _ (b;)2 Q if b, <y<bL, 
u&r, 0) = 0 if -,u<x<R, 
uo= Q on NW {(x,b);O<x<R), 
u,(R, y) = mm 
( 1 
$1 Q if O<y<b, 
where 
.s,=min (b, (z)‘“). 
Set 
L,Q = {v E H’*z(i2,,R), v = u, on 8f2,,R}t 
K 
1 
v E &R,Q’ v < 
Q 
r,R,Q = yY2 - 
CO I 
Consider the problem: Find v satisfying: 
min 
vEKbLR.Q 
J&R(V) = J, ,Rbh v/E KR.P 
(4.2) 
WV 
V-4) 
(4-5) 
LEMMA 4.1, There exists a solution I,U = v/~,R,* of problem (4.5) and 
v=,,R,,, ww 
ProoJ: The existence of a solution to problem (4.5) is standard (see 
[ 1, 81). To prove the second part of the lemma, we shall construct ly as a 
limit of solutions v/S of modified minimization problems. For any small 6, 
introduce the functional 
Jt+R*Q(v)=jn.. [Fe ( 1+$12) +%wm~] (y+@dxdy 
SOS/56/i-7 
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and let ws be a solution of: 
By [S, Lemma 1.51 we find that 0 < ws < Q. Further, by a standard 
wument PI, ws + v for a sequence 6 = Sj --) 0 where w  is a solution of 
problem (4.5). Thus if we show that 
then the lemma follows. 
Consider the function 
ur(x) = $ [(y + 6)2 + 73 (7 > 0). 
If 7 is large enough then v, > ws in R,,R. Decrease 7 and consider the 
smallest nonnegative value of 7 for which the inequality v, 2 wg holds 
throughout S2,,R. We claim that 7 = 0 (which establishes (4.6)). 
Indeed, suppose 7 > 0. Since ws is a regular function up to y = 0 (the 
reason we introduced the ws with 6 > 0 is precisely to achieve their 
continuity at y = 0), equality v, = ws cannot hold on the x-axis. Equality 
also cannot hold on the remaining parts of X?,,, since a0 < b. Therefore 
equality must hold at some point X0 = (x,, , y,) in 8, ,R (with y0 > 0). Since 
where 
the maximum principle implies that X0 must be a free boundary point and 
a contradiction to (4.3). 
Consider the problem: find w  = ~,,~,c satisfying: 
min JN,R,Q(u) =J,,K,Q@~ 
UEKu,n.~ 
W~&JL,* (4.7) 
THEOREM 4.2. There exists a unique solution w of problem (4.7), and 
O<w<Q, wx>O. 
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Proof. The existence of a solution to problem (4.7) with 0 < w  ( Q is 
asserted in Lemma 4.1. To prove uniqueness we need an auxiliary fact. 
Denote by D the domain bounded by {x = --cl}, N and {y = b,,}, and let 
u(y) = Y2 - NJ* 
b; - (b:)* ” 
Note that Y& = 0, L+ = 0 in D and u < w  on 80. Hence, by the maximum 
principle, 
v(x9 Y) > U(Y) = d-A Y) if (x, y) E D. (4.8) 
Suppose now that w1 and vu2 are two minimizers and set 
VXX9Y) = @,V,)(X9Y) = v,(x - GY) (E > 0). 
Then I& is a minimizer in a class JJZ:,~,~ (defined by translation r, of KP,R,a) 
of the functional JE,,,Q defined by performing the corresponding translation 
in Jfl,R,a. Further, in view of (4.8) 
w; A w2 E K;,ix,p 
w: V w2 E&z,,. 
We can next verify (cf. [2]) that 
J:,~,,(w:) + J,,,,,,(w,) = J;,,t,,(v,B * ~2) + J,,,,t,,Od V VIZ). 
Consequently, 
J r.R,QW v vl2) = JW,R,P(W2)’ (4.9) 
Observe now that I& < v2 near &?,,, n {x = -,u}. If this strict inequality 
does not hold in the entire domain 8,,R, then there exists a disc B such that 
w: < w2 in B, @c Qr,R 
w: = w2 at a point X0 E 8B. 
Suppose I~*(X,,) < Q. By the strong maximum principle we then get 
-g cw: - w,> f 0 at X0. 
Hence there exists a smooth curve r, passing through X0 such that 
v: < w2 on one side Bf of I’,,, 
v: > w2 on the other side B- of r,, 
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where B+, B- are contained in B. It follows that wt V ye* is not in CL in a 
neighborhood of X0. Since, however, w: V wZ is a minimizer (by (4.9)), and 
(& V w2)(X,) < Q, I& V v2 should be smooth (i.e., C’+“) in a neighborhood 
of X,, , a contradiction. 
We have thus proved that v/i < wZ in the connected component L?, of 
{wZ < Q} which contains an L?, a -neighborhood of {x = -,u}. Since the part 
e, of aq, where wZ < Q is a connected arc, and since each component of 
{ w2 < Q} must touch e, (by the maximum principle), it follows that J2, 
coincides with 0,,, n { w2 < Q}. Consequently 
w: G w2 in R,,, . (4.10) 
Taking E + 0 we get w1 < v2. Similarly we show that v/2 < ‘1/i, which 
completes the proof of uniqueness. 
Finally, taking vi = w2 = w  in (4.10) we get 
we - ET Y) < VCG Y) (E > O), 
which gives w, > 0. 
THEOREM 4.3. The free boundary rw,R,, = a{‘y,,,R,o < Q} n (.Ca,,R U 
{x = R }) is given by 
x = k,,i7,Q(Y) = k(Y) for h,,,R,P <Y < b, 
where h c,R,o > E,, and k is continuous, 
and 
x0 = lim k(y) exists. 
y-b 
(4.11) 
(4.12) 
The free boundary may be empty, in which case h,,R,, = b. 
Proof. Set 
E ,,,R=En{-p<x<R}={-p<x<R}x{O<y<b}. 
The free boundary is contained in Ew,R . Since wx > 0, the free boundary is a 
y-graph, i.e., there is a function k(y) (0 < y < b) with values in [-p, R] such 
that for any 0 < y < b, 
V&Y) < Q if and only if x < k(y). (4.13) 
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Since w(-p, y) = 0 for 0 < y ( b;, we have k(y) > -p. Since further 
WYK~Y’ if 0 <y < s,, (4.14) 
the free boundary is contained in the strip {E, < y < b}. 
Since the free boundary is analytic in E,,, , k(y) is continuous. Finally, 
the continuity of x = k(y) at {x = -cl}, {x = R} and {y = b} follows from the 
following nonoscillation lemma. 
LEMMA 4.4. Let D be a domain in E,,R n {w < Q} bounded by two 
disjoint arcs r,, r, of the free boundary and by {x= a,}, {x = a2}, and 
suppose the ri lie in {a, < x < az} with endpoints (a,, pi), (a2, y,). Suppose 
also that dist((O, b), D) > c > 0. Then 
l~2-~~I~Cmax~l~2-P,I~I~2-~~I~~ 
where C depends only on A, Q, b and c. 
Proof: Integrating Pet,u = 0 in D, we get 
(4.15) 
Using the Lipschitz continuity of w  [8, Theorem 2.31 to estimate the right- 
hand side, and (3.19) (with u = w) to estimate the left-hand side, the 
inequality (4.15) follows. 
Remark 4.1. The nonoscillation lemma remains true if one of the arcs ri 
is a line segment in {(x, b); x > 0}, for then (cf. [2]) 
1 av -->A 
Y av 
on ri. (4.16) 
5. Continuous Fit 
We temporarily denote the solution ~~,~,c and its free boundary 
r 'X W,R,Q' = '$,,R,&') thr,R,Q <y<b) by WQ and &:x=k&) (h, <yGb) 
and set k,(y)=R if E,,<.Y<h,. 
LEMMA 5.1. Zf Q, + Q then 
VQ,, -+ VQ uniformly in .I;h,, , (5.1) 
kQatY) + k,(Y) for each so < y Q 6. (5.2) 
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Prooj Since a limit of minimizers wpn is a minimizer wp and since the 
minimizer for a given Q is unique, (5.1) is obviously true. The proof of (5.2) 
is similar to that in [2]. Take for definiteness y = b. (If y < b then the 
assertion k,,(y)+ k,(y) follows from (5.1) and nondegeneracy: cf. [2, 81). 
Then (see also [ 13, p. 3221 all we need to known (in order to use the 
argument of the incompressible case) is that the only solution of 
9qY=o in {x, <x <xi, Y,<Y<bL 
v=Q, l K, --
Y 8Y 
on {y=b} 
is 
(5.3) 
(5.4) 
Now, since A is subcritical, the uniqueness part of the Cauchy-Kowalewski 
theorem can be used in order to deduce (5.4). 
LEMMA 5.2. (i) If Q is small then k,(b) < 0; 
(ii) if Q is large then k,(b) > 0. 
Prooj Suppose there exist free boundary points and k,(b) > 0. Then, 
since ra connects (k,(b), b) to (R, so), there is a free boundary point 
X, = (x0, yO) and r > 0 independent of Q such that either B&X,) c fir,R f7 
{y > s,J2} or B,(X,) c {x > 0) n {y > s,/2}. In either case there holds [8, 
Lemma 3.41 
so that 
Q r<-, CA 
a contradiction if Q is small enough. Similarly we can derive a contradiction 
if there exist no free boundary points, taking X0 = (x0, b) with x0 > 0 and 
using nondegeneracy about the boundary point X,,([8]). 
To prove (ii) suppose k,(b) Q 0. Consider a function 
I 1 
(x - a)’ 
r(x) = 6exp - (x-a)LE* I if Ix-u] <s, (5.5) 
0 if Ix--a]>& (6 > 0) 
with say a = R/2. We increase 6 until the curve y = q(x) touches the free 
boundary, say at X,, = (x0, y,); recall that y,, > sO. 
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Denote by D the subdomain of E,,R n {y > eO} lying above y = q(x) and 
introduce the solution w  of 
Paw=0 in D, 
w=o on 1~ = VW 
w=Q on {y=b}UN, 
W=WQ on {x=-p}U {x=R}. 
By the maximum principle, w  < wQ in D and 
Since, however, 
at X0 (c > 01, 
if Q is large we get a contradiction to the assumption that k,(b) < 0. 
COROLLARY 5.3. There exists a Q = Q@, R) such that k,(b) = 0 (that 
is, there is a continuous j?t of rQ to N); further, 
c<Q@,R)<C (5.6) 
where c, C are positive constants independent of p, R. 
Indeed, since the function Q -+ k,(b) is continuous (by Lemma 5.1), the 
first assertion follows from Lemma 5.2. The estimate (5.6) is a consequence 
of the proof of Lemma 5.2. 
Having established the continuous fit of the free boundary and the nozzle 
for a suitable Q, we now take sequences 
with 
R=R,-+oo, 
P=Pj+ co 
Qj= Qolj,Rj)+ Q <Q E (0, ao) by (5.6)), 
v@,,Ql+ v* 
The function I// is a local minimizer for J, that is, for any bounded domain D 
with smooth boundary, if we set 
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then 
J,(u) 2 JD(W> vu E IP(D), u = y on aD. (5.8) 
We also have vx > 0, and the free boundary r of w  is given by x = k(y), 
where r is analytic in E and k(y) is continuous about each pointy =yO with 
k(y,) finite. 
We shall need another version of nondegeneracy: 
LEMMA 5.4. Let o be a segment joining the points (x0 f /3, yO) in E. If 
Vf=Q in a neighborhood of IS, 
kJ7Yl) is a free boundary point with y, > y,, 
then 
P<C, 
where C is a constant depending only on Q/A. 
The proof is the same as in the incompressible case [2], provided only that 
we can verify the following statement: if 
gew=o in IY, <Y <Y21 (Yl > O), 
W=Q on { Y =yd, 
w=o on IY =y2L 
and O< W< Q, then 
W= Q g (= u(y)). 
The proof of this fact follows by showing that, for any r > 0, W < u + z 
(and similarly W > u - t), and the argument is the same as that used in 
Lemma 7.3 below. 
THEOREM 5.5 Let h = h, as in (3.11). Then ~(x, y) < Q if 0 < y < h, 
k(y) is finite if and only if h < y < b, and 
k(b) = k(b - 0) = 0, (5.9) 
k(h + 0) = 0~). (5.10) 
We also recall (since wp E K,,R,,) that 
(5.11) 
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Proof. The assertion (5.9) follows from the proof of (5.2) with y = b. The 
fact that the domain where k(y) is finite is a single interval {h, < y < b} is 
established as in [2] by using Lemma 5.3. Thus it remains to show that 
h, = h. 
Since k(h,, + 0) = co, the flatness condition is satisfied [8]. It follows that 
for some large enough x0, 
rn {x > x,} has the form Y =f (x)9 
f’(x) + 0 if x+ co, 
If’-yx)l < c for any j > 2. 
Hence, by elliptic regularity, for any sequence pn -+ co there is a subsequence 
such that 
and 
wtx + Pn 9 Y> + Kd-T v> 
WY,=0 in {-cc <x< co}x {O<y<h,] 
yo(x, h,) = Q if -co < x < co, 
f 2 (x, h,) = A if --co<x<co. 
0 
By uniqueness for the Cauchy-Kowalewski theorem (cf. (5.3), (5.4)) we 
get 
Since further 
so that, in particular, wo(x, 0) = 0, we get 
that is, ho = h. 
6. Smooth Fit 
We continue to study the solution v and its free boundary I? x = k(y), 
and establish their regularity at the point 
A =(O,b). 
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THEOREM 6.1. N U r is C’ in a neighborhood of A, and Vly is uniformly 
continuous in a {w < Q}-neighborhood of A. 
Thus continuous fit implies smooth tit. 
The proof given below is based on the methods of [2] [9] for the case of 
Y linear. 
Proof The first step is to show that 
IVYIGC in some {w < Q}-neighborhood of A. (6-l) 
This is proved as in the incompressible case [2]. We consider the scaled 
functions 
w (X)=Q- Q-y(A+pX) P 
P * 
Since 
vty(A + PX> _ VW,(*) 
b+py - b+/v ’ 
VI, satisfies 
P-2) 
If we apply the bounded gradient lemma (Theorem 2.3 of [8]) to I, in a ring 
a < IX] < 2a (see Remark 2.6 of [8]) then we obtain the assertion (6.1). 
Notice that any blow up limit ry, of yp, satisfies 
v (ge(/~(2)vWO)=o. (6.3) 
Denote by e the straight line in the complex z-plane with direction 
orthogonal to the tangent to N at A, and passing through the origin. We also 
define 
D,, = {lzl <A 1, C, = aD,, (z complex). 
Since w  = Q on N, for any blow up limit v,, about A we have that 
X -+ f VI&Y) maps the limiting nozzle N, into e. 
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Further, 
X-1 f VW,,(X) maps the free boundary into C,. 
We shall need: 
LEMMA 6.2. There holds: 
iim sup dist v’Y(x) ,!uD -, A = 0. (6.4) 
rlrW<Q Y 
X-+A 
Thus, if we denote by S the set of all limit points Vv(X,,J/y, with 
v(X,> < Q, X, --) A, then 
SctVD,. (6.5) 
Proof. Suppose the assertion is not true. Then we can construct an 
unbounded D having the following properties: 
D is contained in R*\{&neighborhood of CUD,,} for some small enough 
6 > 0; 130 is smooth; there is a point z’E 80 such that 
Iz 1 is strictly monotone along each 
of the two subarcs of aD\(f}, 
(6.6) 
and Dn S # 4. From (6.1) we deduce that 
MS sup{lzl;zE DnS} is finite, 
and there exists a point z0 satisfying: 
z,, E D n S, lzol =M. (6.7) 
Note that A4 > A. 
Take a sequence X,,, such that 
vK,J < Q, lim J- Vv(X,) = zO. 
m+* Ym 
For each X,,, denote by BDm(X,) the largest disc in {IJI < Q}; it touches 
NU r at a point Y,,,. Take a blow up sequence ly, with respect to B,,(X,J. 
Then IJ/,,, + w0 uniformly in compact subsets, and v,,, + v/o smoothly in B, . 
Consequently (cf. (6.3)) 
(6.9) 
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In view of (6.7), (6.8) we have 
Vwo(O) + 0. 
Consider first: 
Case 1. VwO is constant in a neighborhood of the origin. 
For simplicity we break up this case into two subcases. 
Subcase l(a). There exists a small p > 0 such that 
B,JY,) does not intersect A? 
Setting Y,, = lim( Y, - X,)/p, we conclude that 
(6.10) 
(6.11) 
W'o) n a{~, < Ql is a free boundary of wO. (6.12) 
From (6.9) we easily find that 10,X satisfies an elliptic equation 
C ai$iDj Wo.1 + C biD, W0.x = 0 in B, 
with smooth coefficients. The same is true of a~~/@. Since &,/ax = const., 
&Jay = const. in a neighborhood of the origin, they are also constants in 
B, (by unique continuation). Hence w0 is linear in B, and in the component 
of {w,, < Q} which contains B, . Since, further, w0 < Q in B, and t,u,,( Y,) = Q 
it follows that for some neighborhood W of Y,, 
vo = Q on Wny, 
where y is the tangent to B, at Y,. Recalling that awe/8x > 0, we easily 
conclude that w. = Q to the right of the entire line y and w. < Q to the left of 
the entire line y. Since by (6.12), B,(Y,) n y is a part of the free boundary of 
yo, we have 
$Ivwal =A at Y,, 
and then also at 0. From (6.10) it then follows that 
IVw(x,)l --) A 
Y, 
wm = kn 9 Yin)>, 
which implies, by (6.7), (6.&I), that M = A, a contradiction. 
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Subcase 1 (b). There exists a sequence Z, E N such that 1 Z, - Y, I= 
N&l)* 
We take a blow-up limit w0 as before. Now Y0 is either the initial point of 
a ray N,, the blow-up limit of N, or it lies inside N,. As before we conclude 
that rl/,-, is linear in the component G of { w0 < Q} containing B, . 
Since w0 = Q on N,, VW,,(X) E e if X E N,. If N,, is tangent to B, at Y,, 
then the range of the (constant) function VvO in G is contained in e. We 
deduce that 
dist (‘p),() -+O, 
a contradiction to the definition of D (since dist(D, e) > 0). 
If N,, is not tangent to B, at Y,, which may occur if Y, is the initial point 
of N,, then we introduce the tangent line y to B, at Y,, . We observe, by 
linearity of wO, that y must be a free boundary of w,,, and then we can 
proceed as in subcase l(a) to deduce that 
on y, and then also at 0. This leads to a contradiction as before. 
Case 2. VvO # const. in a neighborhood of 0. 
Suppose we prove that 
X-P VwO(X) is an open mapping in a 
neighborhood of 0. 
Since by (6.10), (6.8), (6.7) 
(6.13) 
it follows, using (6.6) and (6.13), that there exists a point Z near 0 such that 
+ VW@) E Q 
and 
(6.14) 
Since ly, + I,M~ smoothly in B, , 
VW,(Z) + W,(Z)* 
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Setting Z, = X,,, + p, Z, Z, = (<,, n,), we then have 
w(Z,,J < Q, Vv(Z,> VW&) +-. 
rm b 
Since clearly Z, +A, we see that Vv,,(Z)/b belongs to S, as well as to D, 
and (6.14) then contradicts the definition of M. It thus remains to prove 
(6.13). 
Taking for simplicity b = 1 and setting I,U = wO, we write the differential 
equation for w  in nondivergence form: 
g,(lVWl2)~~+2gk(lV~I2)(W:V/xx+2WxWyVlxy+~/:W~y)=0’ 
Set 4 = (b(0)12, 
% w = g,(q) 4 + 2g:(dOd(O) vxx + W/,(O) w,tO> wxu + Y:(O) w,d 
Then 
%w=f, 
where 
If I & c I VW - VWPX 
Setting W(X) = w(X) -X . VW(O) we get 
I%~lGClVW. 
By the proof of unique continuation [20] we conclude that 
W(z) = Pk(Z) + O((3 Ik+ ‘), 
V(W(z)-P,(z))=O(lz(k) (z=x+iy), 
where P, is a homogeneous harmonic polynomial of degree k in suitable 
coordinates, i.e., 
Pk(z) = ark cos k@ (a f 0) 
in suitable polar coordinates. It follows that the mapping z -+ VW(z) is open 
in a neighborhood of z = 0, and the assertion (6.13) follows. 
We shall now improve Lemma 6.2, replacing D, in (6.4) by C, = aD,. 
LEMMA 6.3. There holds: 
lim sup dist wx) e”c -, A = 0. (6.15) 
,(.U<Q Y 
X-A 
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This means that 
sceuc,. (6.16) 
Proof: In view of Lemma 6.2, it remains to show that S does not contain 
interior points of D,. If this is not true then we can construct an unbounded 
domain D as in the accompanying Fig. 1. It has the following properties: 80 
is smooth, Dnt=# and DnS#(, 
dist(D n C, , S) > 0. (6.17) 
Indeed, since v/, > 0, the set S lies in Re{z > 0}, and thus if 
e is not vertical (6.18) 
then we can achieve the condition (6.17) from each side of e. (The case 
where e is vertical will be discussed at the end of Section 6.) 
We cover D by level curves r, (0 < t < co) as shown in the figure, and set 
A4 = sup { t; r, n S is nonempty}. 
We can now argue as in the proof of Lemma 6.2, 
proof of the lemma. 
and thus complete the 
FIGURE 1 
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Now take any blow-up sequence I,IJ,,, with respect to Born(A), with blow-up 
limit w. From Lemma 6.3 and the inequality w, > 0 it follows that the range 
of (l/b) VW(X) lies in the set 
T= (tU C,,)n {Rez>,O}. 
As before, either VW is a constant or X+ VW(X) is an open mapping. Since 
(l/b) VW(X) c T, the second case cannot occur, so that VW = const. 
Observe now that the limiting nozzle N, did not disappear in the blow-up, 
and therefore VW E e. Also the free boundary did not disappear in the blow 
up (by non nondegeneracy and the fact that the free boundary for w  is a 
curve x = k(y) defined for all h < y < b), and thus VW E C,. It follows that 
$Vw=E, where E is the unique point 
in lnC,,n {Rez>O}. 
(6.19) 
Having proved (6.19) for any blow-up limit w, we can now easily deduce 
from this that N U r has a tangent at A. 
To prove that the free boundary is C’ up to A we use the flatness 
argument as in the incompressible case [2]. We then conclude that NV r is 
C’ in a neighborhood of A. 
In order to complete the proof of Theorem 6.1 it remains to establish the 
following result. 
LEMMA 6.4. VW is uniformly continuous in a {ty < Q}-neighborhood of 
A. 
Proof. Take any sequence X, + A, v(X,) < Q and set pm = IX,,, -A 1. As 
already proved above, any blow-up limit w  (with respect to B,,(A)) is a 
linear function. Consider two separate cases. 
Case 1. dist(X,,, , r) = o@,J (r = the free boundary). 
Recall that 
and define Y,,, by 
X,-A 
A+p,Y,=X,,,, i.e., Y,,,= p . 
m 
Then Y,+ Y,, IY,l= 1 and 
dist(Y,, free boundary of w,) + 0. 
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Thus Y,, is a free boundary point for w, and this implies uniform flatness of 
the free boundaries of w,,, in a neighborhood of Y,,,. Consequently [8] the VI, 
are uniformly in C’ + a in {w, < Q} nB,(Y,,) for some fixed R > 0. It 
follows that 
+ VI//,(Y,,J + $ VW = E, 
that is, (l/y,) Vv(X,,J -P E. 
Case 2. dist(X,, r> > 6p, for some 6 > 0. 
Note now that the (6p,)-neighborhood of X,,, either lies in {w < Q} or else 
it intersects N (but not r). In either case the blow-up sequence w,(X) with 
respect to BJX,) @, = (X, - A (, X, = (xm, v,)) satisfies: 
gmw,,,=O in either B, orB&=B,na,, 
where G,,, = {w,,, < Q}, and &a consists of a part of cYB, and a part of N,,,, 
the appropriate scaling of N. Pm is elliptic, uniformly in m. Since w, = Q on 
N,,,, we have, by standard regularity results, 
lym E C’+a in B,,, n Q,, 
uniformly with respect to m. Consequently Dy, is uniformly convergent in 
B,,, n a,. 
We conclude that (l/b) Vw(X,) + E. This completes the proof of Lemma 
6.4. 
Theorem 6.1 was proved so far only in case (6.18) holds. The case where e 
is vertical requires only minor changes. Indeed, in this case the tangent to the 
nozzle at A is horizontal. Since w  = Q on N and v/ < Q in the fluid, we 
deduce that X-1 Vv,,(X)/b maps the limiting nozzle N, into either 
e+ =en {y>O} or e-=en{~~<o0). 
Suppose for definiteness that the first case occurs. Then we can proceed as 
before, replacing I by ef in Fig. 1. 
I. The Flow is Subsonic 
So far we have constructed a function w, a local minimizer of J(v), and an 
analytic curve r given by x = k(y) (h < y < b) such that for a suitable Q > 0 
there holds: 
P$ w  = 0 in the domain G bounded by N U r and the x-axis. (7.1) 
505/56/1-S 
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ty(x, 0) = 0 if --ca<x<m, 
v=QonNVr, l acA --
Y av 
on r, 
and, by (4.3), (4.14), 
o< w&u2; 
L 
(7.2) 
(7.3) 
(7.4) 
furthermore, the smooth tit conditions in (3.9) hold, (3.11) holds, and, for a 
large x0 > 0, 
rn IX > x0} = {Y =.0x), x > x0), where 
f(x)-, h,f’(x)+ 0 if x+ co. (7.5) 
Note that until now we have not assumed that N satisfies the concavity 
condition (3.2). 
We now proceed with the proof of Theorem 3.l(ii) and assume that (3.2) 
holds; Theorem 3.1(i) will be proved later on in this section. 
THEOREM 7.1. If (3.2) holds then the solution (v, r, Q) satisfies: 
IWI <n 
Y ’ 
inG={v<Q}. 
It then follows that (7.1) reduces to 
Iply= in G, 
so that (IJ, r, Q) solves the nontruncated jet problem. 
To prove Theorem 7.1 we need: 
LEMMA 1.2. On any stream line w = const., which bounds jluid from one 
side, 
a4 
,+kq=O, (7.7) 
where v is the outward normal and k > 0 if the stream line is concave to the 
jluid. 
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If the stream line is interior to the jluid then (7.7) is valid from each side 
of the stream line. 
ProoJ Suppose for definiteness that the stream line y is given by 
y =f(x). Then wx +fl~,, = 0 along y, or 
4, -f’$, = 0 along y. (7.8) 
Hence 
dxy + !Lf’ -f ‘L -f ‘24xy =f “4, on y. (7.9) 
We now compute 
842 1 -= 
av (1 +fr2)1/2 1-f ‘v: + 4:)x + <4f + ffq,l~ 
or 
+ (1 +.r2Y2 g = -f’VA + !Mx,) + b4-4XY + $,tLJ 
= $A-L f’ -f ‘2&J + ox, +f ‘M (by (7.8)) 
= 4xf “4, (by (7.9)) 
(by (7.8)) 
Hence 
i a$ f” --= 
2 av (I +fy 4’7 
which yields (7.7). 
Proof of Theorem 7.1. Set 
Then 
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and 
in B, . By elliptic estimates we get 
1 Vwo(O, 011 < C, i.e., I wxo 7 Yol < 0. 
Consequently 
IVv(x, VI G cr; (7.10) 
this holds in the entire strip 0 < y < h/2. By interior-boundary regularity for 
9,~ = 0 we also get the estimate (7.10) elsewhere in G = {w < Q}. Thus, the 
number 
is finite. 
M= sup I wx9 Yl 
G Y 
Since l/p,2 is a monotone increasing function of Ivy/y], we see from 
(1.13) that 
/ I 
T takes maximum at a point X0 if and only 
if q takes maximum at a point X0. (7.12) 
It will be convenient to work also with q. Recall that L& = 0 can be written 
in the form 
with (a,) uniformly elliptic, and q = IV@]. From [ 18, pp. 270-2711 it follows 
that, for some constant 7, 
Aq* E D,(e%z&r) D,q2) > 0 
in the fluid region G. Consequently q* is M-subsolution and, by the 
maximum principle, q cannot take maximum at an interior point of G. 
If q takes maximum at a point X0 of the nozzle, then, by the maximum 
principle, 
$f>o at X0. 
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This implies, by Lemma 7.2, that k < 0, which contradicts the assumption 
that N is concave to the fluid. 
We can view 4 as a function in IRS, axially symmetric with respect to the 
x-axis; it satisfies L& = 0 in the domain C? obtained by rotating G about the 
x-axis I,. Since \V$\ is bounded (by (7. lo)), 4 can be extended as a solution 
of L&i =O in GUI,. Indeed, this is seen by substituting test functions 
appropriately truncated in S-neighborhoods of I,, and then letting 6 3 0. We 
conclude that 4 is smooth in C? U I,,, and the same is then true of 4. We can 
now use the previous argument to show that q does not attain maximum on 
the x-axis, since k = 0 on the x-axis. 
Now we take a sequence X,,, = (x,, y,) for which 
(7.13) 
We distinguish four possible cases: 
(i) x,-+ a~, ym--+B> 0; 
(ii) x,-t-a~,y,-,Y> 0; 
(iii) x,-+-co,y,-+ao; 
(iv) x,-t~w,ym~O. 
In case (i), set y,(x,y) = y(x - x,,,,y,) and take a subsequence for which 
vrn -t v. uniformly in compact subsets. Then v,, satisfies: 
%Yo = 0 in E,s{- m<x<m,O<y<h~, 
Y&Y) < w  in E,, 
Y&C h) = Q if -oo<x<oo, 
Y& 0) = 0 if -w<x<w. 
We need: 
LEMMA 7.3. If a function u satisfies 
9ev&o in E,, 
a, Y) < CY’ in E,, 
u(x>h)<Q l$ -GO <xc 00, 
v(x, 0) f 0 is -w<x<w, 
(7.14) 
then 
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Proofi Consider 
Q 
z,(-w)=p*+r tr 2 0). 
If r is large enough then n < z, in E,. Decrease r and take the smallest value 
for which the inequality v < z, holds throughout E,. If we can show that 
t= 0 then the lemma follows. We assume that r > 0 and derive a con- 
tradiction. 
One of the two cases must occur: 
(a) ZJ = z, at some point X,, = (x,,~,) E f?*, and then clearly (since 
z>O)O<y,<h: 
(b) there exists a sequence Xm = (x”,~“) such that x”’ --) fco and 
ZJX”) - v(P) -+ 0. 
In the first case we get, by the maximum principle, z, G v, a contradiction. 
In the second case we consider translates 
z,tx, Y) = z*(x - Xrn,Y), v,(x, Y) = v(x - xm, Y) 
and their uniform limits 5 = lim z, , 5 = lim v, . If ym --) F then we have 
z’(O, 9) = qo, ?I 
and 0 < f < h (since r > 0). Since PEf= 0, .Y$ = 0, and f> v’, we again 
derive a contradiction by using the maximum principle. 
Applying Lemma 7.3 to f w0 and f Q (v,, as in (7.14)), we get 
Yo(x,Y)=$y2=+Y2 (by 3.11). 
Since lim m-oo y, = jj > 0, we have 
wx,> -+ VWOP~ A (7.15) 
and thus, upon recalling (7.13), we get 
M<A. (7.16) 
In case (ii), if the nozzle has a finite horizontal height h as x + --co, then 
we can argue as in case (i) with h replaced by h: We conclude that 
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and then 
M= lim I WKn>l 2Q 
=PA7 
since 62 h. 
m+m Y, 
If the horizontal height of the nozzle tends to +co as x + -co, then, for 
arbitrary i > h we get (7.14) with h replaced by h and with 
wo(x, @ < Q (instead of equality). 
By Lemma 7.3 it follows that 
w&G Y) Q ; Y2. 
The proof of (7.10) then gives 
I VW& Yl < E < A 
Y ‘h* 
if h is large enough, and (7.16) again holds. 
In case (iii), by elliptic estimates 
I Wx,)l G c 
and, consequently, 
I vw(x,>l --t o ifm+co. 
Y, 
Consider finally case (iv) and take for definiteness X+ +co. Set 
V,(X~ Y) = 
v(x, + Ym4 Ym Y) 
Yil * 
Then, by (7.4), 
1//,(x, Y) < + Y2. 
We also have, by (7.1 l), (7.13), 
I V~nzc% YI < M 
Y ” I wmK4 1 I + kf* 
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For a subsequence, w,,, + w0 uniformly in compact subsets, and 
%yl,=O in B2(0) n {Y > 01, 
(7.17) 
I W,(Q l>l = M. 
We introduce the velocity potential o0 corresponding to v0 and the speed 
function qO = IV&,I. From (7.17) we see that q,, attains maximum at (0, 1). 
Since qi is J-subsolution it follows that qO = const., that is, 
wo 
I I 
- EM 
Y 
in B2(0) n {Y > 01, 
which gives 
Since w,, < (A/2) y*, we again get (7.16). 
Having complete the proof of Theorem 7.1, we can now apply Lemma 7.2 
at free boundary points and immediately deduce: 
COROLLARY 7.4. The free boundary r is convex to the fluid. 
This completes the proof of Theorem 3.1 (ii). 
To prove Theorem 3.1(i) note that the Q = Q@, R) which occur in the 
continuous tit condition (in Corollary 5.3) satisfies: 
cA<Q<CA. 
Thus, if A is small, so is Q. But then, from (7.4) and 0 < w  Q Q we deduce, 
by elliptic estimates, that 
if A is small enough, and Theorem 3.1(i) follows. 
8. Uniqueness 
We first assume (in addition to (3.1)) that 
g;(b) may be equal to +co, but all the 
other conditions in (3.14) are satisfied. (8.1) 
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LEMMA 8.1. If (IJI, r, Q) and (t&F, 8) are two solutions of the jet 
problem satisfying (3.13), then Q = 0. 
ProoJ We suppose, for definiteness, that 
Qd (8.2) 
and derive a contradiction. The free boundary r has the form x = &J). 
Suppose 
for some yO. (8.3) 
Then we move the flow I& r to the left by considering 
P,(-G Y) = w  + G Y) 
for r > 0. Since Q < Q, the asymptotic height of T is smaller than the 
asymptotic height of r. Hence there is a value of r, r > 0, such that the free 
boundary F, of rji, lies to the left of the free boundary r, and they are 
tangent at some point X0. In the flow region D = {W, < Q} we consider the 
functions Y=Q-rq and p=Q-pT. Clearly Y>O=p on the part 
N, U r, of 80 (where N, is the r-translate of N) and Y = Q > Q = F on 
80 n { y = O}. We shall establish : 
LEMMA 8.2. ‘Y< Y in D. 
This is a nonlinear version of the Phragmen-Lindeliif theorem. The proof 
is valid even if Q = Q. 
ProojI If h(-co) is finite then the proof follows by the same arguments 
as in Lemma 7.3. We therefore assume that h(-oo) = co. Consider first the 
case 
h/(-co) is strictly negative. (8.4) 
If 6 > 0 is large enough, then 
F<Y+s in D. (8.5) 
We decrease 6 until we arrive at the smallest nonnegative value of 6 for 
which (8.5) holds. We shall assume that 6 > 0 and derive a contradiction. 
Since 
w8 < CY2, WI < CY2Y 
we certainly have 
F-Y<; if O<Y<V,, for some qs > 0 (8.6) 
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We also have 
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P-Y<0 on 3D n {y>O}. (8.7) 
By definition of 6, there exists a sequence X,,, = (x,, y,) E D such that 
!F(X,) - Y(X,) - 6 + 0 w9 
and [X,1+ oo.(IfX,+X*, a (finite) point in D then we get a contradiction 
to the maximum principle.) 
If x, -+ 00 ym --t p > 0 then we can proceed as in case (i) following (7.13): 
Y(x - x, 9 Y) + Yy,(x, Y>, 
F(x - x, 3 Y> + yd(4 Y), 
and 
which contradicts (8.8) since Q > Q. 
In view of (8.6) it remains to consider the case where (8.8) holds with 
x, + -00, Ym > vs. 
In order to derive a contradiction we first show that, for any E > 0, 
if x-+-co. 
By (7.10) and elliptic estimates in J2 n {y > 1 } we have 
lWx>l,<C mink 11 if x,<-1, 
so that 
(8.9) 
(8.10) 
(8.11) 
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Consider the function 
121 
#RQ = $ MW - #(-3R9 h(-3R))) (R$ 1) 
in 
GR= {X,RXEf2,-3 <x<-I}. 
From (8.11) we easily deduce that 1 &(X)1 < C in G, and 
Ih(x>l G c 1 + L log 1+ h(-3R) l+Ry R 1 +Ry on {x=-l}U {x=-3}. 
(8.12) 
Also 
‘4, - 0 
av- 
on the remaining part of aG,. (8.13) 
Now, because of (8.4), the domains GR converge to a (nondegenerate) 
trapezoid as R + co. Since also I#R ( < C, (8.13) holds and 5?‘dR = 0, we get a 
uniform C2+a estimate on h for all R in GR n {-5/2 < x < -3/2}, but then 
also in G, (recall that fi may be viewed as a regular solution in a three- 
dimensional domain obtained by rotating G, about the x-axis). This implies 
that the equation $4, = 0 can be written as a linear elliptic equation with 
smooth coefficients. We can therefore represent h in G, by using the 
Green-Neumann function, and, making use of (8.12), (8.13), conclude that, 
for any small E > 0, - 
I% G&T ID24R1 G&n 
Hence 
and (8.10) follows. 
We shall use the se estimates in order to write a linearized elliptic equation 
for the function W = p- !P - 6: 
1 
tv (I ( 
g' I!y+(l-f) 
0 Y 
lVY12)& (v(rtP).~) 2). 
Y Y Y Y 
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Using the estimates (8.10) and the corresponding estimates for q, we get an 
equation 
DW 1 
dW=g(O) v F+kc O(l)----- 
DW 
y +jp+W’ y -=o, (8.14) 
where R = 1x1 and O(1) is a bounded vector or matrix function. 
Set, for any small 0 > 0, 
B,= Dn l--R, < x < -R,} n {y > qs}. 
If R, is sufficiently large then 
4v” ) < 0, &f v’ <o 
( 1 r” 
in 6, 
for any 1 < B < 2, 2 < a < 3, provided R, is sufficiently large. 
Consider the function 
z= W-uxye-C$. 
Then 
AZ>0 in d,. 
Also 
(8.15) 
Z<-p if y = rs, by (8.6) 
Z<-p if x = -R, and C = C, is large enough, 
Z<-p if x = -R, if R, is large enough 
(i.e., oR,(q# > sup W + d/2). 
Z<-6 on the part N, of L@,. 
By the maximum principle it follows that 2 Q -?I/2 in 6,. Taking o + 0 we 
deduce that 
so that 
lim W(Xm)<-t, 
m-m 
a contradiction to (8.8). 
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The condition (8.4) was used to establish (8.10). If h’(-co) = 0, then, 
using the estimate h(-2x) < Ch(-x), we can establish by suitable scaling of 
) the inequalities 
I I 
I!?!< 
Y ’ (h(x;)l-“’ 
Vyl I I 
C 
D y Q (h(x))3-6 
for any E > 0, and then the proof of (8.15) remains valid; note that in 
establishing the first inequality we need the condition 
h(x) > c IxI”o+ 1’3 for some c > 0, a, > 0. 
Having proved Lemma 8.2, we can now use the strong maximum principle 
to conclude that 
lVFl< IVYI at X0, 
or 
/i = IVKI < IVVI =A - - 
Y Y 
at X,, 
a contradiction. 
We have thus proved that i(y) < k(y) for all y < b. We then have the 
previous setting with r = 0, X,, = A. Since N is in C2 in an neighborhood of 
A and the free boundary r is convex to the fluid (by (3.13) and Lemma 7.2), 
the inside ball property holds for the domain { 4 < Q} at the boundary point 
A. Consequently we deduce, as before, that (8.16) holds at X,, = A with 
r = 0, a contradiction. 
-- 
Proof of Theorem 3.2. Suppose (v, I’, Q) and (I& T, Q) are two solutions 
satisfying (3.13). By Lemma 8.1, Q= Q. Since g@)# co, also k’(b)# CO. 
From (3.14) it then follows that there is a point 0, = (a*, 0) such that 
(i) N lies above the line t’, connecting O* to A and N is starshaped 
with respect to 0, ; 
(ii) the free boundaries r, r lie below e, . 
We introduce the velocity potentials 4, $ corresponding to w  and rji. For 
simplicity we take O* = (0,O). Consider the transformation 
,,(x,=q, a > 1. 
It shrinks the flow region of v, and $4, = 0 in the new flow region. 
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Assume that 
QYJ > ~(Yo> for some Ya. (8.17) 
Then we can increase a (starting with a = 1) until the free boundary r, of 0, 
lies to the left of r and touches it at a finite point X0 (X,, is finite since the 
asymptotic heights of r, r are the same, by Lemma 8.1). 
We now introduce the stream function w, corresponding to 4,: 
%x(x) 
YP(lVV,(X)12/Y2) 
= -k&y(X) = -Maiu) = ayp(,$y2,a2y2) 7 (8.18) 
Kww 
YP@/%(a*/Y*) 
= !L,m = fL(ax) = ayp(, v;$x~2,u2y2) ; (8.19) 
we also take y1,(0,0) = 0, and this determines v,(X) uniquely by integration 
(recall that p(t) is monotone decreasing in t). From (8.18) we deduce that 
w,,,(x, 0) = 0, so that yl,(x, 0) = 0. We next observe that 
y, = const. = Q, on the free boundary r,. (8.20) 
Indeed, to verify it take a tangential direction r to r at 2 E r; r is also the 
tangential direction to r, at the corresponding point Xa = g/o. Since 
Vyl,Q = wax> 
Y w  
if XEr,, 
we get 
r.vlyg)=T~vyl(ax)=o if X = $ra 
and (8.20) follows. 
Since the speed of 4 at infinity is the same as for $,, we have 
The asymptotic height h, for $, is given by 
Using the relations 
h,=k. 
a 
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we then deduce that 
Q,=$ 
Consider the functions 
As in the proof of Lemma 8.1 we have 
W>W in {W>O} 
and equality holds at a point X, which belongs to both free boundaries. By 
the strong maximum principle we then deduce that 
which contradicts the free boundary condition. 
We have thus proved that (8.17) cannot hold, that is, k(y) ( I&). 
Similarly &(y) < k(y) so that k(y) E &(<y). 
Finally, the proof of Lemma 8.2 shows that v/ = I,% 
Remark 8.1. Theorems 3.1, 3.2 extend to the case that N is a y-graph 
(instead of a function x = g,(y)). 
9. Symmetric and Asymmetric Plane Flows 
For plane flows 
d,=$ W,? 
b,=-+ wx, 
pw = w(lw*) VW), 
where g(t) is defined as before, and g# is defined by the first relation in 
(1.15). On the free boundary 
w=Q, IVVI =A with A defined as before. 
The asymptotic height h of the jet is given by 
h=$ 
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With these changes, the definition of the jet problem for the symmetric plane 
flow is similar to the definition in the axially symmetric case. 
THEOREM 9.1. Theorem 3.1 holds for the symmetric jet problem (here 
IVwl<A is replacing IVv/yl</i). 
THEOREM 9.2. Theorem 3.2 holds for the symmetric jet problem. 
The proofs are the same as for Theorems 3.1, 3.2 with one exception, 
namely, in case (iii), following (7.13), the proof that 
IvwGrtl+ 0 P-1) 
requires a modification. We consider 
w&v)=t YGn +Pmx9Ym +PmYL 
m 
where P, <Y,/Z P,,, + co. This function satisfies 
in a suitable domain L?, containing (0,O) with boundary conditions Q/p, 
and 0 on the parts of LX?,,, corresponding to N and the x-axis. Using interior- 
boundary regularity, we conclude that 
lmm(o~ WI Q %I9 EmjO ifm+co, 
which yields (9.1). 
We turn to the asymmetric case. Here the nozzle is made up of two C’+O 
curves Ni having the form 
Ni: Y = k?lCx> (-00 < x < O), 
where gr(x) > g*(x). We seek a stream function w, two free boundaries 
r,: Y =fr(x) (O<x<oo) 
with continuous fit to N1 at (0, g,(O)), a flux 2Q (i.e., w  = (-l)‘-’ Q on 
N( U r,) and an asymptotic direction e of r, at x = co. 
The setting is the same as in [3], except that the elliptic operator is 
Yv = 0 instead of dv = 0, and 
av 
I-l 8V 
=A (instead of =A) on the free boundary. 
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The main difficulty here is to incorporate the direction e into the 
variational functional. In the incompressible case one takes 
Thus functional is constructed so that on the one hand local minimizers are 
also local minimizers for 
and, on the other hand, J(v) < co ensures that v is asymptotically (as 
x + co) a strip in the direction e (e’ is orthogonal to e). 
In the present case we choose 
J,(v)=/ @(]Vu12,e,A)dxdy 
where 
- {F’(A’)(lvu~2-A2)+F(A2)} 
+F’(A’) IVu -Ae1~,lvl<o~12. 
Since F”(t) > 0, 
@ >F’(A2) ]Vu -Ae1Z1,0,<Q,/2. 
Consequently, J,(u) < 0 implies that u is asymptotically a strip solution in 
direction e. Conversely, for u which is asymptotically a strip solution in 
direction e, 
(where J,(u) is appropiately truncated for x negative, as in [3]). 
We can now proceed as in [3] to construct a solution to the asymmetric 
jet problem, choosing Q and e so as to achieve continuous fit of the free 
boundaries Zi to Ni; the changes which are required (because A is replaced 
by 9) are similar to those carried out for the axially symmetric case in 
previous sections, and will be omitted. We thus obtain: 
THEOREM 9.3. (i) Zf A is suJ’kiently small (depending on N, , N,) then 
there exists a solution (w, rl, r,, Q, e) of the asymmetric (compressible) jet 
problem, and ri are analytic. (ii) Zf the Ni are concave to the fluid (i.e., 
505/56/l-9 
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(-l)i-l g&) is concave) then, whenever A satisfies (3.6), there exists a 
solution (w, rI, r,, Q, e) of the asymmetric jet problem with lVw[ ( A, and 
the ri are analytic and convex to the fluid. 
PART III. CAVITIES 
10. The Main Results 
As in Part II we always assume that (3.6) holds. 
We introduce a curve N given by 
N: x = go(y) (O,<y<b) 
satisfying: 
g,(O) = -a, go@) = 0 (a > 0); 
NE C1+a for some a > 0; 
g,EC’[b-&‘,b] for some E’ > 0; 
there is an a,, > 0 such that N is star shaped 
with respect to any point (a*, 0) with a, > a,. 
(10.1) 
For some of the results we shall require also that N is concave to the fluid, 
that is, 
go concave. (10.2) 
We call N a nose or an obstacle. 
We seek a pair (v,Q satisfying the following properties: 
r is a smooth (say C” ‘) curve having the form 
x=k(y)(b<y<h,, with h, < co) such that 
k(b + 0) = 0, k(y) -+ a if y -+ h, ; the set (10.3) 
G={v>O}isadomainin{y>O}boundedbyT,N 
and I,,, = {(x, 0); -co < x < a}; 
L&=0 in G, 
y=o on I,,,UNUr, (10.4) 
1 aw --= 
Y av 
A on r, 
N U r is C’ in a neighborhood of (0, b), 
VW is in Co in a c-neighborhood of (0, b); 
(10.5) 
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I 
for some sufficiently large x0, rn {x > x0} 
has the form y =f(x), so that f(x) + h, if 
x + co ; further, (10.6) 
f’(x)+0 ifx-rco; 
(10.7) 
wx, Y) 
Y 
+ (&A) if (x, Y) E G, x2 +y*-+ 03. (10.8) 
DEFINITION 10.1. A pair (w,r) satisfying (10.3)-(10.8) is called a 
solution of the axially symmetric infinite cavity problem. 
If (10.2) holds, we shall actually construct a solution satisfying a 
condition stronger than (10.7), namely, 
in G. 
The solution of (10.3)-(10.8) represents a disturbance from the uniform 
flow with stream function w  = (42)y*, due to the presence of the obstacle 
N. 
THEOREM 10.1. (i) If A is suflciently small (depending on N) then 
there exists a solution (v, r) of the axially symmetric cavity problem with I’ 
analytic. (ii) If N satisfies (10.2) (in addition to (10.1)) then for any A 
satisfying (3.6) there exists a solution (w, I’) of the cavity problem satisfying 
(10.9), and r is analytic and convex to the fluid. 
Remark 10.1. (i) when specialized to the incompressible case is an 
improvement of the results of [ 121 which require that x =gO(y) is a 
monotone curve. Furthermore, the present proof is a simplification of the 
proof given in [ 121. 
In the next section we consider the cavitational flow in a channel; this 
may be considered as a truncated model for the infinite cavity problem. 
Theorem 10.1 will be proved in Section 12, after letting the height of the 
channel go to infinity. 
11. Cavitational Flow in a Channel 
In this section, unless otherwise stated, we only assume that N satisfies the 
condition (10.1). 
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Denote by J2 the domain bounded by I,,, , N and 1: = {(x, 6); 0 < x < co } 
and set 
f2,=an {y<H} (H > b), 
n P.R,H=fiHnb<x<Rl. 
Let 
K r,R,Q,H = jv E H”2(a,,RJf)~ 2)(x, 0) = 0 if -p < x < --a, 
v=o on N, v(x, b) = 0 if 0 < x < R, 
v(-P, Y) = + Y2 if O<y<H, 
v(H,y)=;H* if -p<x<R, 
v(R,y)=O if b<y<H-8, 
0, Y) = V,(Y) if H--G<y<H, 
where 
v(x, Y) < $QY’ in0 } w8.H ’ 
y’-(H-6)* Q 
‘8(y) = H2 _ (H _ a)2 y' 
Q 6<-. 
2AH 
(11.1) 
We introduce the functional 
whereE={-co<x<co}X{b<y<oo}. 
As in Section 4 we can show that there exists a minimizer y = vLI,R,Q,H of 
J,,“,Jv) for v E K,,R,Q,H. We also have: 
V(X,Y) a Vs(Y) in L?w,Rn{H-d<y<H} (11.2) 
Indeed, if this is not true then consider the functions vs-,(y) (t> 0) and 
choose the smallest r such that 
v(xv Y) 2 V&,(Y) in a,,Rn{H-6+z<y<H}. 
Clearly 0 < r < 6. Also, by the maximum principle, equality w  = vg-, must 
hold at some point X0 = (x,, , H - 6 + r) which belongs to the free boundary 
of v, and 
Q Ivvs-~l < Ivyll=A 
H2-(H-6++)2= y Y 
at X0; (11.3) 
this contradicts the definition of 6. 
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Using (11.2) we can now proceed as in Section 4 to prove that the 
. . . 
mmtmlzer w  = ~~,~,c,~ is unique and wX < 0. The free boundary then has the 
form 
x= bwr(Y) (b<y<H--6) 
or, briefly, x = k(y), and 
-P < k(y) < R. 
The curve x = k(y) is continuous (by the nonoscillation lemma). 
Lemma 5.2, part (i) extends to the present case. If Q is sufficiently small 
then the minimizer w  cannot remain positive in L!LI,R,H, i.e., the free 
boundary is nonempty; further,f(b) < 0. 
Next, if Q is large enough then k(b) > 0. Indeed, otherwise we introduce 
the “bump” function q (cf. (5.5)) and th e corresponding solution of Yew = 0 
in a domain D, analogously to the construction in Lemma 5.2, such that 80 
lies above the free boundary of w  and it touches the free boundary at some 
point X0 = (x0, y,,) with 0 < x, < R. Since 
whereas 
c independent of H, 
we get a contradiction. 
We can now establish the continuous fit of the free boundary for some 
suitable Q satisfying 
c&Q<C (11.4) 
where c, C are positive constants independent of H. 
AtthispointweletR=R,+~,~=,u,+cowithQ,=QOr/,R,,H)+Q= 
Q(H), and obtain a solution (vH,TH, Q,) (r,: x = k,(y)) of the cavity 
problem in the channel. 
As in the proof of Theorem 5.5, k,(y) is defined and is tinite for 
b<y<h,andk,(y)+co ify+h,. 
Denote by GH the domain bounded by I,,, U NV r, and {y = H}. 
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THEOREM 11.1. For any H > b there exists a solution (v,, I’, , Q,) of 
the (subsonically truncated) cavity problem in a channel (0 < y < H}, that is: 
1 r&x=/k*(y) (b<y<h,L 
\ 
-Qt%I=O in GH, 
VIf=O onI,,,,UNUI’,, 
(11.5) 
\ 
tyH =+H’ on {Y = Hj, 
l c, --
Y av 
on I,. 
Further, N U I, is C’ in a neighborhood of A = (0, b), VwH is uniformb 
continuous in a G,-neighborhood of A, I, is analytic in Gh, and 
(11.6) 
VVH 
l-l E lim 
I%&Y)l 
Y 
exists and is equal to A, (11.7) 
Y a, x-r00 
Lx.Y)EG, 
(H- hJ2=~, (11.8) 
We have already proved all the assertions except for (11.7), (11.8). The 
proof of (11.7) follows from elliptic estimates as in the proof of case (i) 
following (7.13). Clearly (11.8) is a consequence of (11.7) and the boundary 
condition ul,(x, II) = QH’/2. 
If in Theorem 11.1 we assume that also (10.2) holds then the proof of 
Theorem 7.1 extends to the present case (notice that aq/av = 0 on {y = H}). 
Consequently: 
COROLLARY 11.2. If in Theorem 11.1 we assume that the condition 
(10.2) also holds then (10.9) holds, and I, is convex to the Jluid. 
We now proceed to study the solution (vH, I,, QH), assuming only the 
condition (10.1). 
THEOREM 11.3. There exists a positive number a” such that In n {x > 6) 
has the form y =fH(x), where f,(x) is strictly monotone increasing. 
Proof: By Lemma 5.4, the free boundary must lie in {x > -x,,} for some 
x0 > 0. We choose O* = (a*, 0) with a* sufficiently large so that N lies 
below the line e, passing through O* and A, and the free boundary lies 
above it, which is possible because continuous tit implies smooth lit. 
COMPRESSIBLE FLOWS OF JETS AND CAVITIES 133 
We claim that 
r, is star shaped with respect to O*. (11.9) 
To prove it take for simplicity a, = 0 and introduce 4, and w, (a > 1) as 
Section 8 (we shall write w  = wH, r= r,, Q = QH). If (11.9) is not true we 
choose the smallest a (a > 1) such that free boundary of w, lies in the cavity 
region of t,u. The free boundaries of w  and w, are then tangent at some point 
X,,, and 
Observe that asymptotically, as x + co, 
Q H2(yZ -h*) 
'"7 H*-h* (h = asymptotic height of the free boundary r). 
W QH* 
I I -N Y H*-A* 
and similarly 
But H, = H/a, h, = h/a; also 
take the same value on the respective free boundaries. Consequently Q, = Q; 
hence, on {y = H/a}, 
(since V(X,Y) < (QP)u*) 
We can now deduce (by the proof of Lemma 7.3) that w, > w  in G and, 
further, by the strong maximum principle, 
n=-+J>+n at X0, 
a contradiction. This completes the proof of (11.9). 
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From (11.9) we deduce, in particular, that rn {x = a*} consists of a 
single point and this completes the proof of the theorem since r is already a 
y-graph. 
Remark 11.1. In the preceding proof we can also proceed with w, 
defined as w,(X) = (I/a’) w(ax); th is we could not do in Section 8 since 
such a definition of v’, would not have preserved the value Q of the stream 
function on the free boundary. 
COROLLARY 11.4. For all x > 6, 
f(x) 
X-6 
is monotone decreasing, (11.10) 
O<s’(x)&L. 
x-a 
(11.11) 
Indeed, the first assertion follows from the fact that (by (11.9)) r is star 
shaped with respect to (C&O). Since 
()> f(x) ‘=f’(x)- 
( 1 
f(x) / 
X-i x-d (x-cy 
(11.11) also follows. 
LEMMA 11.5. The constant 6 in Corollary 11.4 can be chosen to be 
independent of H. 
ProoJ We shall argue similarly to the proof of Lemma 5.4. Since the 
smooth fit is uniform in H, we see from the proof of Lemma 11.3 that if the 
assertion is not true then we can find Hi+ co and rectangles 
Rj={aj<x<aj+mj}X {O<Y<yj} 
such that a,+ m, < 0, vj(x,yj) =0 for uj <x < aj+ mj with vj= vHj, 
v,(x, Y) > 0 for oj < x < oj + mj and 0 < Y < rj(m, + a/ - x)/mj ; (aj, Yj) is a 
free boundary point of vj, and 
“Ij+, 
Yj ' 
aj-+ -m. 
We introduce a “bump” function similar to (5.5), centered about a = aj + 
m,/2 and size r,, and consider the domain Dj bounded by 
Y = Yj - Vtx) (a, < x < a, + mj) (11.12) 
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and the remaining parts of 8Rj. The “curved” part of (11.12) is chosen so 
that it lies above the free boundary of vj, and it touches it at some point 
‘“;I;;) ge I ;;e-s~u;i~;/~j < Yj and ~j > Yj/4 for large .A 
J 
Pew,=0 in Dj, 
wj=py2 on {X = Ctj} U {X = CZj + mj}, 
wj=o on the remaining part of aDj. 
Then the functions 
fij(X, Y) = $ Wj(xj + Yjx9 Yj Y) 
i 
converge uniformly to a solution W of LfiW = 0 in compact subsets of a 
limiting domain D, (D, = lim fi,, where D, is the scaled Dj). Furthermore, 
W= 0 on ~30, and W< (Q/2)y2 in D,. By the proof of Lemma 7.3 it 
follows that Ws 0. Hence, by local boundary regularity, (l/y) Vpj + 0 in 
some fi,-neighborhood of (0, vi/y,); in particular, 
v wj(xj) Y/l ~ 0 
Yj 
if j+co. 
On the other hand, by the maximum principle, Wj > yj in D, and 
which is a contradiction. 
12. Existence of Infinite Cavities 
In this section we prove Theorem 10.1. We begin with Theorem lO.l(ii), 
requiring that N satisfies both (10.1) and (10.2). 
We take a sequence Hi-1 co with 
wIi,-+ ly uniformly in compact sets. 
We may also assume that QHj+ Q, Q E (0, co). In fact, QHj is bounded from 
above by (11.8) and from below by the proof of Theorem 11.3. From the 
results obtained in Section 11 we deduce that w  and the free boundary r 
satisfy: 
ul,<O, 
r: x = k(y) (~<Y<kJ 
rn {x > d} has the form y =f(x) 
if a’ is large enough, f ‘(xl 2 0, 
(12.1) 
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f(x) 
X-i 
is monotone decreasing in {x > i}, (12.2) 
O<f’(x)gfo if x>&, 
X-fi 
(12.3) 
v(x, Y) < 4 $3 (12.4) 
Q<A; (12.5) 
the last inequality follows from (11 .S). 
If N is concave to the fluid then by Corollary 11.2 with Hi + co we find 
that r is convex to the fluid and (10.9) holds. Thus in order to complete the 
proof of Theorem lO.l(ii) it remains to establish (10.8) and the last part of 
(10.6). 
LEMMA 12.1. Iflim,,,f(x)/x = 0 then Q = A. 
Proof. In view of (12.3) we can choose a, + co such that 
if x>$. 
Take a blow up sequence 
The free boundary of w,, is given by 
y =.6(x) = ~.fbw + a,). 
n 
For any C > 0 
f”(O) = 1, 
El(x) < ; if 1x1 < C 
provided n is sufficiently large so that 
xp, + a, > t 
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(which is valid since f(a,)/a, + 0). Also 
w,(x, Y) < p Y2. 
It follows that the blow-up limit w,, and its free boundary T,: y =.&(x) 
satisfy: 
f,(x) = 1, 
%Yo = 0 in {y>l}, 
wo = 0, 1 avo-, --- 
Y aY 
on {y=l}. 
By the uniqueness for the Cauchy problem 
Since, further, w. < (Q/2) y*, we get li < Q; recalling (12.5) we get n = Q. 
LEMMA 12.2. 
lim fo=O. 
x-00 x 
Recalling (12.3) we then conclude thatf’(x) + 0 if x + co. 
ProoJ If the assertion is not true then 
lim fo=c>O. 
x+00 x 
Take a blow up sequence 
with w,,, -+ yo. Then v/O is a local minimizer, vo,X < 0, vo(x, 0) = 0 if x < 0, 
and its free boundary is the ray { y = cx, x > 0). 
This is a contradiction. Indeed, by nondegeneracy 
1 - 
r f wo~coYo (co >0) aB,(x,) 
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for any free boundary point X0 = (x,, y,), where r < 1X,1/2 say. On the 
other hand one can show that 
worn = 41 Y2 I) as IXI-+O. (12.6) 
The proof of (12.6) is by scaling ‘yO and estimating the scaled function using 
a solution W of Ye W = 0 in a region R bounded by 
{(x,0);-1 <x<OJ, {y=cx,x>O} 
and a part of {x’ + y2 = 1) lying in {y > 0); W= 0 on the line segments of 
8R and W = Cy* on the circular part of cYR. Then for some a < 1 
w  < ecy2 in {t <x2 +y*} < :nR. 
From Lemmas 12.1, 12.2 we get: 
COROLLARY 12.3. Q=A. 
This fact suggests that the stream function behaves for 1x1 large and far 
away from the nose like (A/2)y2. It thus motivates the next lemma. 
LEMMA 12.4. The function y satisfies (10.8). 
Once the lemma is proved, the proof of Theorem 10.1 (ii) is completed. 
We shall actually not need Lemma 12.1 and Corollary 12.3 in the proof of 
Theorem 10.1 (ii). 
Proof of Lemma 12.4. Let X, E a{ w  > 0}, P,, = 1X,( --f 00 and consider a 
blow up sequence vn with respect to B,,(O), and the corresponding 4,. We 
have to show that 
wx,> 
Y. 
-+ (&A) (x, = (X”,YJ) 
or, equivalently, that 
VTWJ --f G&a 3 0). (12.7) 
We may assume that 4, + #0 uniformly in compact sets. Then I V&j Q C by 
(10.7), and Ye#0 = 0 if 1 y I > 0, since f(x)/x + 0 if x + co. Considering 4, as 
an axially symmetric function in R3 satisfying Ye@,, = 0 in the complement 
of the x-axis, we easily deduce that the singularity on the x-axis is removable 
(cf. the paragraph preceding (7.13)). 
We have 
a 
zy ( ) 
3&z =o 
aU ax, 
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with (au) uniformly positive and bounded. Hence, by Harnack’s inequality 
[ 18, p. 1841 applied to $,,,@x) with p = R/R,, 
(R <R,), 
where C is a constant independent of R, R,. Taking R, + OI we get @0,, = 
const. = C,. Similarly #O,Y = const. = C, . 
To compute these constants notice that along the free boundary of vn: 
),(X,Yn)-4”tw~=J Vh*ds’=q,(x--w +0(l)), 
where o( 1) --t 0 if n + co (since f’(x) + 0 if x -+ co); here (x, JJ,), (2, .F”) are 
free boundary points of w,,, and x, 2 are fixed positive numbers. Conse- 
quently, 
which implies that C, = q,. Since 
vwo 
I I -<A or Y IVhl <<co, 
it follows that d,,Y - 0, i.e., C, = 0. 
Set 
x:,=x”, 
Pfl 
Xh=lirnX:,. 
If the sequence X,, satisfies 
IY?tlWX*l for some c > 0, 
or 
IYnl < c Ixnl and X” < 0, 
then, by elliptic estimates, 
VhKJ -+ Vh(X’) = tqm2 9 019 
which establishes (12.7). 
Thus it remains to prove (12.7) in the case: 
x, > 0, LO. x 
n 
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Set Xi = (x,, 0), pn = Y,, and consider a blow up sequence 4, with respect to 
B,JXO,), We look at 4, in the cylinder K in R3 defined by -1 Q x < 1, 
( yI < 1. For any 6 > 0 we have 
#n,y < 6 on the free boundary 
if n is large enough. Also, by what we have already proved above, 
kr < 6 if E, < Iyj < 1, 
where E, + 0 if n -+ co. The function 
is g-subsolution in K, it is <C in K and <6 in the subdomain bounded by 
the free boundary surface and in the set {E, < ] y ] < 1). Hence, by Harnack’s 
inequality [18, p. 1841, 
in Kn {lx1 < f}, if n is large enough. 
Similarly we can estimate also -#n,y. It follows that 
In the same way we can treat qm - d,, and deduce that 
this completes the proof of (12.7). 
Having completed the proof of Theorem lO.l(ii), we turn to Theorem 
10.1(i). Note that if in the previous proof /i is small then all the previous 
results (including Lemma 12.4) are still valid with .PEw= 0 (instead of 
L&U = 0), and Q is small (since Q =/i by Corollary 12.3). By elliptic 
estimates we also deduce that 
if/i is small enough, and the proof of Theorem 10.1(i) is complete. 
Remark 12.2. If the free boundary is given by x = k(y) with k monotone 
then, by applying the maximum principle to 4, we deduce that I$, > 0; hence 
also wY > 0. 
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Remark 12.3. Theorem 10.1 extends to the case of symmetric plane 
flows. The case corresponding to Theorem 10.1(i) was established by Berg 
[lo] using extensions of the method of Leray. 
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